A Stabilized Finite Element Method for the Oseen Equation with Dominating Reaction by Barrenechea, Gabriel Raúl et al.
HAL Id: inria-00070780
https://hal.inria.fr/inria-00070780
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
A Stabilized Finite Element Method for the Oseen
Equation with Dominating Reaction
Gabriel Raúl Barrenechea, Miguel Angel Fernández, Carolina Ivon Vidal
To cite this version:
Gabriel Raúl Barrenechea, Miguel Angel Fernández, Carolina Ivon Vidal. A Stabilized Finite Element
Method for the Oseen Equation with Dominating Reaction. [Research Report] RR-5213, INRIA. 2004,
pp.21. ￿inria-00070780￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
52
13
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
Thème BIO
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
A Stabilized Finite Element Method for the Oseen
Equation with Dominating Reaction
Gabriel Raúl Barrenechea — Miguel Ángel Fernández — Carolina Ivon Vidal
N° 5213
Mai 2004
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
  	
	
 !	"#%$&"'!	)(+*
,.-/0"12+!435"6	0	7896:;"1
<>=@?BADCFEHGJIK=MLBGJN.=MADAOEHPBERQ&SBET=
∗ U;V CFWYXBEHGZ/PBWYERG[;ERADP]\@PB^BEH_ † U;` =MAOaYGbCFP]=dceYaMPgf	Cb^]=MG ‡
hJikjl.m1noqpsrutTvxwzyqjOl{mDwJ|~}}H~mOw
;myp
k@RzyxmmOi~mOikmM]~Or}R1r ~0kRmOw
¡K¢£O¤¥&¦~§¤¨#© kmª«wzy|k}¬}¬­OmO	®kk}¯ym6mml.mORy°l.myqikT}w±}¬HyqxxkmO	²³±yqi~m¬}~mD}¬­OmOµ´mOwq}
²Jyqi~m	¶±·´T}¬mOz¸tHy¹mDwmOHkyq}»º³R#p°wqmmOdmOHk&y}¬R@¼¾½;Hy}¬k}¬~>xl.}k&y}¬~>­myi¿xm
ymlµÀÁhJi~m	l{myqi~xRkwz}wzyw}¬Âwzk|xyqyq}~l.mOwqiÃxmO@mOkxmHy.yqmOqlÄ²³lÄyi~m	²³l6~&y}¬R
ª}¬yqikxy±l.~l.}wq}~{kwq}wymkvÀ]hJi~m1xmDwz}	²yqi~}wl.mOwqiµxmMmk~mHyyqmOqlµ½~RwJªÅmO¬ÆRwyqi~m
wzy|~}¬}­Oyq}K@l.mymJ}¬T´R´mOÇ½Tqm0wq~RmOwzyqmOK|TvK|~~|k|~¬mkxmOkw&yq}ÆÀ]tTy|k}¬}¯yvK}wkq&´RmO
²³RÈTvÁl6|k}¬kyq}²0´mO¬x}¬yvÁk~qmDwqwq~m	wqkRmOwO½~kxmO.yqi~miTvTMyqikmOwqmOw.²RHyq}Hk}¯yv
²³R°yqi~m.~mOwwzkqm{wzkRmRÀ{pÉxyq}l#BxmOÉmOq°mOwzyq}l#&yqmDw0mxmOq}´mDÊ²³°yi~m.´mx}¬yvÊk>yqi~m
kqmDwqwq~m½Tkwq}¬~{yi~mwyk~/~Rql#wÅ²³Jyi~mOwqm0~~¹T~&ªkwOÀ]¶~l.m}ËmÌx@mOq}l.mHywx®kl.}¬k
yi~mOwqm°yqi~mOmy}OËmOwq~¯ywm0~qmDwzmOHyqmOÇÀ
ÍÊÎHÏYÐÑ6Ò ¥&Ó£¨ p°wqmmO/mDHk&y}¬RÇ½xqmDyq}/yqmlµ½~wy|~}}¬­OmO	l.myqikT
ÔÇÕ·ÖØ×@ÙFÚ×bÚzÛÙÝÜÞÕßÇÛ×Mà&ÛÙ³áFÖâÛãØã äJ×båDà·àæ¾ÙÝáFÚçÉèäéÇêBëìÝéMíÔ	éYÕ·ÖØãØÚ¾î¾áFÕ·ÙÝæ¾å·ï¾ÕÉàDÙFæðÝÚÜñáËò~êBëóôYéMíBÔÈëÆæ·õËöz÷¾ø¾÷¾ùúû·î
Ûü·çò~êBëóÇýBþþ@ÙÝæ¾ï¾ÙbÛÿ æ¾üýà·à·ãØÖØÚçÛáFÕ·ÚÿÛábÖØÜ×qîOÛü·çèäÆü·Ö ÚÙF×FÖØç&Ûçç·ÚéËæ¾üDÜzÚàÜÖ¾üábÕ·ÙÝæ¾å·ï¾ÕábÕDÚýÇçÛü·ÜÚzç
ÆÚ×bÚzÛÙÝÜÞÕ
	ÙÝæ¾å·à·×þ@ÙÝæ¾ï¾ÙbÛÿ0õ
∗ 	ì 2 0ý îóÚà&ÛÙ³áÞÛÿÚüábæ±ç·Ú ì ü·ï¾Úü·ÖØÚÙâÛÛábÚÿáFÖØÜzÛDîü·Ö ÚÙÝ×bÖØç&Ûçç·ÚéYæ¾ü·ÜÚàÜÖ¾üHîHéËÛ×bÖØãØãâÛ°özù¾÷³é>éYæ¾ü·ÜÚàÜzÖ¾üRîéYÕ·ÖØãØÚ¾õkÚzÿÛÖØã~ï¾è·ÛÙFÙÝÚü·ÚÖØü·ï ÿÛázõ å·ç·ÚÜ¾õ Üzã
† ì³ëÇì ýà·ÙÝæðÝÚñáÆôYêÅõDÚzÿÛÖØãTÿÖØï¾å·Úãõ ÚÙÝü&Ûü·ç·ÚÖØü·ÙÝÖâÛDõ Ù
‡ óÚà&ÛÙ³ábÛÿÚzüáFæÅç·ÚÆì ü·ï¾Úü·ÖØÚÙâÛÛáFÚÿábÖØÜzÛDîü·Ö ÚÙÝ×bÖØç&ÛççDÚBéYæ¾ü·ÜÚàÜzÖ¾üRî&éËÛ×bÖØãØãâÛözù¾÷³éKéYæ¾ü·ÜÚàÜÖ¾üHîéYÕ·ÖØãØÚ¾îÚzÿÛÖØãTÜOÖØç&Ûã ÖØü·ïÿÛáqõ å·çDÚzÜ¾õ Üã
  	 !	"#	 
*µ	*+*Ë	
*	
 "1-/'9
,{-	0"1
(+*Æ 1: '1: "6 	"6	1
 £  ¨ pÉ }Hyqxx~}¬y6~~mÈk~´Rm¬m#lyi~xxmK l.mORyw0®k~}w6wzy|~}¬}wOm#@R~1 DHk&y}¬R
Øp°wqmmOÂºF¶±·´T}mq¸ñtHy¹RmOw°¬}D}wm·¼0·´mO{~dyml.mK xqm.­xl.}kHyOÀ! Æµlyqi~xxmÈmDwy
R|xyqmOT~mKkqjDw6wqkwzyqyq}¿ ~ yml{m/"MmkkHy{xÃl#}¬Rm$#µ²³l6~&y}¬R xm&%0¬mOz¸
¹T} wwz}H~m½wqkw1l.~l.myqyqm{ÊRkwq}wzykmÈxmKµlyi~xxmÀ' ( mÌTkqmDwqwq}¬R ~mKm.yml{m
my6mO¬mÈx¿kl{jyqm#xmÈwy|~}}w&y}¬R Rwqwqx}.wqHy6"yqmOql.}mDw0k1k~m.yqmDi~~}RkmÈxm#yvT@m
)+*-,/.01,213-4657*-,.80:93;1<"9=9>0 À? #wy|~}¬}¬y1~m.lyi~xxm1mDwyÉRwqwq~@m°@R~yxyÉ~k¬m1 mOwqkRmOw
~}wmyw½HwzRkwB~~miTvTMyqikjOwqm±xmRHyq}Hk}¯y@±xmOw;~qmDwqwq}kw]x}wjyqmDwÀ;pÉ.²³kq~}@xmOw mOwzyq}l.yq}kw
 mOqm~ xy}¬l#mOw @R~ ´T}¬yqmOwwqmmykqmDwqwq}¬R#~kwwqmOw;kl{mDw]kyq~m¬mDwÀBAÉmOwÅmÌxCOq}m@mOw
T~lOq}H~mOwx®kl.mHyJ¬mDwDwzk¯y&ywyiRq}H~mOwOÀ
D Ò ¤D£ Ð §E  £/¨GF Hkyq}µØp°wqmmOÇ½TyqmOql.m1xm0@OR¾yq}Æ½xlHyqi~xxm1wzy|~}¬}wOm
  4 38;5=9 50+.
	* 40?20+01,1< 3 457* , 5=4 0+3)14657*-, 
  Æ'B"#	-/: "1
hJikm¶±·´T}mq¸ñtTyq¹RmOwmDHk&y}¬R@wy}¯yxyqmDwÉKl.°ik¬mO~m6}¬>~~}¬mDÊl#&yi~ml#&y}OwÀ0tTMmO}¬² ¸
}¬v½]}¬ywT~l.m}OJwzR¬~yq} ~mOwqmHywyª>l#&Rx}È~¬yq}mOwO½;kl{mO¬vR½Byqi~m	~mOmO¿²³R{Rl¸
@&yq}|~}¬}¬yv>kx}¬yq}Âº yi~m#}x² ¸Þwq~dRkx}¬yq}Ç½ÆwqmmH½Ç ¼°m&y}¬~/yqikm.~}wmym.wqkRmOw°kwqmO>yq
~~·Ìx}¬l#&ym	yqi~m´mx}¬yvÁ®@m
u
kyqi~m~mOwwz~m
p
½kyqi~m>yqmOyql.mHyK²°yi~mwq~~}kw
l.xxmDwRm~mOyqmD |Tvdyqi~mT´mD¾y}¬´RmÈyqmOqlµÀ! ~.|MyiÃyi~mOwqmµwq@mD¾ywO½Åwqm´RmJwzR¬~yq}kw{ik·´Rm
|MmmO~MRwqmOµ}yi~m6wzy±yª/xmDRxmOwOÀÉhJi~m{RH´RmOyq}´m0yqmOql#wÉik·´m6|@mOmyqmD&ymOÊ|Tvµ~~¸
kq}&ym~Tª}¬k~}¬~Èwzyq&ymR}¬mDwºÝ¾²À"H½Yx½ÇR#Þ½@@	yqi~mm²³mOqmOkmDwJyqi~mOqmO}¬M¼¾½kRwy|~}}¬­OmO/®k~}¬yqm
mO¬mOl.mHyl{myqi~x~wºF¾²À$ %x½ËOb½@l.~{yi~mw¼¾À pÉKyi~m0yi~mikkË½Tyi~m0}¬x² ¸ñwq~Ê@x}¯y}¬R/l#·v
|Mm{yqmOyqmO x}qmD¾y¬vÁºF¾²À x½]&Þ½k>yqi~m.m²³mm@mOwÉyi~mm}@¼¾½Æ1}~l´mHymO´T}/wzy|~}¬}­mD
®@~}¯ymmml.mHyl.myi~x~wºÝ²À$Øx½Ç('x½kx½k~½ÇDÇ}¬	yqikm1HymÌTy²].tTyq¹RmOw*)k&ª±¼À
pÉyqi~m#yqi~mO0ikkÇ½Ç}¯²Jªm{qm.xmO¬}~µª}¬yqiyqi~m.y}¬l.m#x}wqqmyq}­O&y}¬R>² yqikm.¶É·´T}¬mOz¸tHyqR¹mDw
mDHk&y}¬RÇ½kªmJikHHwzmÅyqikm,+qwwq}O.-Å~~RRiKº³}bÀ mÀ½Rx}wqqmyq}­}~°}¬yq}l.m|Hv1yq}l{m¸ÞRx´&k}¬k
®@~}¯ymÉx}/YmmkmOw¼]ªm±ik·´Rm±x}/MmOqmORyJi~}mDw]²³R;yqikm°wi~ml.m6º³²³J1mOwq~l.m²Ëyi~mOwqmymOi~k}H~mDw½
wqmm"Øx#³¼¾À © l.l.1²Ý¾y]²@Hyqi~mDwzmÅyqmDi~~}RkmOw}wyi~m~qmDwzmOkm²M±­Omyqi6xmyqmOql«²~yvT@m
1
∆tu
½Tªi~mm
∆t
}w yqikmyq}l.mÉwzyqmO>º³kwqk¬v.´mv.wzl# ¼¾½Tk
u
}w yqi~mÉ~~¹T~&ªÈ´Rmx}¬yv6®kmOÇÀoñ
yi~m&ym~}~my}¬mDw½xwqm´mOxªÅRq¹xw;km~}~wy|~}¬}­Oyq}#~xmDx~mOwB²³R ~|~ml#w]ª}¬yqiK­myi
R~myqml#wÊº³R{mOR¾y}¬R yqmOql#w¼¾½ÅªÅmOqm	~MRwqmOgºFwzmOm½ÅmÀ kÀ½0&1x½ b½kÁyqikm	mOmHy.kMm
2&Þ½Jªi~mmµmOxRmwy|~}¬}­Oyq}ikw.|MmmOÂ~qR@HwzmD ²³RKdwqO#RT´mOyq}x¸ñx}/M@wz}x¸ÞmOyq}
kqR|~¬mOlÈ¼¾À oñ»kqyq}kO½J}3¬Dx½±(%x½b½Jyi~m~kmO¾y}¬RÂ|@myªÅmOmwzy|k}¬}¬­OmO®kk}¯ym>mml.mORy
l.myqi~x~wk %0m¹T}¬dl.myi~x~w1mO~}i~mD ª}¯yi¿|~~|~|~mÈ²³kk¾y}¬Rkw1ªJw0kwqmO y>xmOq}´mÈµ~mOª
²Ýl.}¬v²Jwy|~}}¬­OmOÊ®@~}¯ym#mml.mHyl.myi~xË½Ækl.mv½Ëyi~m54Tkwqk tHy|~}}¬­OmO6 }~}¬yqm.;ml.mHy
myqikT º74Ét8 Å>¼¾½Jªi~}igmÊkzy}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l#w#ª}¬yqisxl.}k&y}¬~
mOR¾y}¬RÇÀ
hJi~m.~kqMRwqm.² yi~}w0ªÅRq¹µ}w°yqÊxm}´m½ÇkvT­m.k>yqmDwy1	~mOª wzy|k}¬}¬­OmO®k~}¬yqm#mml.mORy
l.myqi~xË½]@RkwÉyqµyi~mÈkmÈ~mOwqmHyqmD}9Ø(b½²³Ryqi~mµp°wzmOmd~|~ml ª}¯yi Êxl.}k&y}¬~
mOR¾y}¬R/ymlµÀhJi~m1l.myi~xÊ}w±}¬HyqxxkmOµ}>tTmOyq}>.ªikmmyqi~m{wy|~}}¯yv	²Byqikm1l.myqikT}w
kq&´RmO>kd mqRk¬vxwq}w°}w@mOz²³Rql.mDËÀÈhJi~m#m0mOwzyq}l#&yqmDw0|xy}~mO } tTmOyq} 	m
~m}¬´RmOË½@kwz}~KKwz~}¬y|~m1l.mOwqixmMmk~mHyÉ~Rqlµ½@²³yi~mwzyk~µ~Rql#wJ²³Ryi~m6~k¹Hk&ªkw½
@l.mv yqi~m
H1(Ω)
klÄ²³yqi~m	´mO¬x}¬yv ®kmË½kdyi~m
L2(Ω)
~l ²³{yqi~m	~mOwwzkqmRÀ oñ
txmO¾y}¬RÁÊªmKmMqywql.mÈT~l.m}OÅmÌx@mOq}l.mHyw1yqiky{x®klÄ~{~kq·Ìx}l.yq} qmDwzk¯ywÀ
 }kv½~wql.l.m0k¬@x}¬k{ml#q¹xwJm0l.Rxm0}¬tTmD¾y}¬R	@À
: ; !	 µ	Ä
9!	"#
 }wzyO½ªmÊ~qmDwzmOHy{yi~mÊ~|~ml)²0}¬HyqmOqmDwyDÀ  Çmy
Ω
|Mm |@R~kxmDÂMm»wq~|kwqmy#²
R
2 ½
f ∈
[L2(Ω)]2
½
σ
/@Hwz}¬yq}´m{mOT~l6|Mm#º³yvHk}O¬vR½
σ ≈ 1∆t
ªi~mm
∆t
}w°yqikmy}¬l.m.wym }¬ Èy}¬l.m
~}wmy}¬­D&yq}K~qxmOx~mD¼½Hk
a : Ω → R2
´mOyqRq}k²³~k¾y}¬R/wqkiÈyik&y
∇· a = 0
}
Ω
º³yqi~}w
²³kk¾y}¬R
a
l#·v|@m#}Hyqm~mymOdw0yi~m#´mO¬x}¯yvÊ®@md}¬ yqikmÈ~m´T}¬Rkw°yq}l.mKwzyqmM¼¾À/hJikmÇ½~
  ü<>=#?Dözø
     3#01,/0+) 0+3 	 	0  ,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Rm~mO¬}­mD	p°wqmmO/mDR@&yq}	mOkw
(u, p) ∈ [H10 (Ω)]
2 × L20(Ω)  "!$#&%'#)(*%
σu − ν∆u + a· ∇u + ∇p = f in Ω ,
∇·u = 0 in Ω ,
u = 0 on ∂Ω ,
ºD¼
ªikmm
L20(Ω)
def
= {q ∈ L2(Ω) : (q, 1)Ω = 0}
½ @
(·, · )D
xm~yqmDw6yi~m
L2
}¬k~m.~xxk¾y.}
L2(D)
º³R}
L2(D)2, L2(D)2×2
½~ªi~mO/~mDmDwqwv~¼¾À © wz@½x|Tv
‖· ‖l,D
k
|· |l,D
ªm°ª}Æxmkyqm
yi~m
H l(D)
~lkµwzml.}~lµ½TqmDwzMmOyq}´mv½xª}¬yqi	yi~mkwqkÇT´mORy}¬R
H0(D)=L2(D)
À
 kqRl k&ª RÇ½my/@w/wq~~MRwqmÊyqi@&y
Ω
}w	¿@R¬vTRk±xl#}¬»}
R
2 ½±kÂmy Th |Mmyq}k~&y}¬RK²
Ω
@wy}¯yxyqmDµ|HvÈyq}~mOwºÝHk~q}yqmOw¼;ªik}iÊmwzi@MmqmO~DÀ  Çmy
hK
|@myi~m6@wzkÆmO¬mOl{mOHyÉx}l.mymD½@@Êxm~yqm
h
def
= max{hK : K ∈ Th}
À,+ mwq~~MRwqm0²³l
k&ª RÊyqi@&y
h ≤ 1
À°¶&ª½@²³
k ≥ 1
½Y¬my
Vk
|Mm1yi~m.wzkRm1² ~}mOmª}wzm1MvT~l.}²³~kyq}kw
R}¬´Rm/|Hv
Vk
def
=
{
v ∈ C0(Ω)/v
∣
∣
K
∈ Rk(K) , ∀K ∈ Th
}
.
-±mm½
Rk(K) = P k(K)
²³yq}~~6mml.mHyw{@
Rk(K) = {p ◦ F−1K / p ∈ Q
k(K̂)}
²³
HkRx}¬&ymTmml.mHyw½Rªi~mm
FK
wykkw²³]yi~mkwqkxykwz²³l.yq}l.~~}~0yqikmqm²³mmkm
mO¬mOl.mHy
K̂
Hyq
K
À
pÉ~wzy|~}¬}­mDK®@~}¯ymmml.mHyl.myi~x/mOR~w .
(uh, ph) ∈ Vh × Qh  "!$#&%'#)(*%0/
B((uh, ph), (v, q)) = F(v,q) ∀ (v, q) ∈ Vh × Qh ,
ºF¼
ªikmm
Vh
def
= [Vk ∩ H
1
0 (Ω)]
2 @ Qh def= Vl ∩ L20(Ω)
½
k, l ≥ 1
½
B
k
F
qm0}´mOK|Tv
B((uh, ph), (v, q))
def
= σ(uh,v)Ω + ν(∇uh,∇v)Ω + (a· ∇uh,v)Ω
− (ph,∇·v)Ω + (q,∇·uh)Ω +
∑
K∈Th
(∇·uh, δK ∇·v)K
−
∑
K∈Th
(σuh − ν∆uh + a · ∇uh + ∇ph, τK(σv − ν∆v − a· ∇v −∇q))K ,
ºÝR¼
F(v, q)
def
= (f ,v)Ω −
∑
K∈Th
(f , τK(σv − ν∆v − a· ∇v −∇q))K .
º³H¼
-±mm½Tyi~m1wy|~}}¬­D&yq}	kl{myqmOw
τK
k
δK
qm0R}¬´Rm	|Hv
τK
def
=
h2K
σh2Kξ(Pe
1
K) +
4ν
mk
ξ(Pe2K)
,
ºF¼
δK
def
= λ |a(x)|p hK min{1, P e
2
K} ,
º7%R¼
ì³ëÇì ý
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λ ≥ 0
½
p ∈ [1, +∞]
½~k
Pe1K =
4ν
mkσh2K
,
º ¼
Pe2K =
mk|a|phK
4ν
,
º71R¼
|a(x)|p
def
= (|a1|
p + |a2|
p)1/p ,
º7'R¼
mk = min{
1
3
, Ck} ,
ºzOR¼
Ckh
2
K ‖∆v‖
2
0,K ≤ ‖∇v‖
2
0,K ∀ v ∈ Vk ,
ºzD¼
ξ(λ) = max{λ, 1} .
ºzD¼
/Î  ¦x¥  0.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 τK 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 04 0 
δK
5 2 40H* , 0 	 *
$%'&(   , 40H)@3 210 * 	 3) 0, 0 3-9 5 0+.   4 *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0
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τFF
.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57* ,9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 04 0 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*0* 210@. 5=,	%'&( :-5 0,;
τFF
def
=
hK
2|a(x)|p
min{1, P e2K} .
/Î  ¦x¥ <;  ,=%>?  4 0 * 4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hJikqR~i~RxyByqi~}w1wqmO¾y}¬R»ºÝ@yi~m.²³¬&ª}~µkmD¼¾½
C
ª};xm~yqmÈ	MRwq}¯y}¬´Rm.kwzyHy0}x¸
~mMmkxmOHy0²
h
ºÝ|~xyªi~µl#·vxmMmkyqikm{kiHvxwq}OBTm È}¬mORyw¼½Çªi~Hwzm{´&~m.l.·vÊ´&qv
ªikm~mO´mJ}¬y}wªq}¬yzym	}¬	yª.~}./YmmHy~mOwOÀ
hJi~mÉ²³&ª}¬~¬mOl.l.~&´T}xmDw;yi~m°@Hwz}¬yq}´m¸Þxm®k~}¬yqmO~mOww ²Çyqikm0wzyq}/Y~mOwwl.yq}¯ÌÈRwqwqx}&yqmD
ª}¬yqiµR~l.myqikTÇÀ
^ÅÎ   ¦_;a`b 0 0 0@c85 2 472:3 )+*-,2 4 3-, 4 CΩ  .0D01,/.-5=,C!* ,C9 * , Ω  2 < ) '4 3 4
B((v, q), (v, q)) ≥ CΩν ‖v‖
2
1,Ω +
∑
K∈Th
{
‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K + ‖δ
1/2
K ∇·v‖
2
0,K
}
,
	* :3 9=9 (v, q) ∈ Vh × Qh

  ü<>=#?Dözø
%     3#01,/0+) 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  ¥ ÒÇÒÀ0¸  kqRl yqi~m.xm®@~}¯y}¬R>²
τK
@Êyqikm6²ÝR¾y°yqiky
ξ(Pe1K), ξ(Pe
2
K) ≥ 1
½YªÅm{|@wzmOq´Rm
®@wzyJyqiky
τK ≤ τK
def
=
mkh
2
K
mkσh2K + 4ν
,
²³R
K ∈ Th
À;¶&ª½xmy
(v, q) ∈ Vh × Qh
½xyi~m
B((v, q), (v, q)) ≥ σ ‖v‖20,Ω + ν ‖∇v‖
2
0,Ω + (a· ∇v,v)Ω +
∑
K∈Th
‖δ
1/2
K ∇·v‖
2
0,K
−
∑
K∈Th
{
τK [σ
2 ‖v‖20,K − 2σν(v, ∆v)K + ν
2 ‖∆v‖20,K ]
+ ‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K
}
.
¶±&ª½x}¬Hym&y}¬k|TvÈkzywJªÅm0R|xy}¬
(a· ∇v,v)Ω = 0
½~@/ikmkm
B((v, q), (v, q)) ≥
∑
K∈Th
{
(σ − σ2τK) ‖v‖
2
0,K + ν ‖∇v‖
2
0,K + 2σντK (v, ∆v)K
− ν2τK ‖∆v‖
2
0,K + ‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K + ‖δ
1/2
K ∇·v‖
2
0,K
}
≥
∑
K∈Th
{
(σ − σ2τK) ‖v‖
2
0,K + ν ‖∇v‖
2
0,K − 2σντK ‖v‖0,K‖∆v‖0,K
−
ν2τKh
−2
K
Ck
‖∇v‖20,K + ‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K + ‖δ
1/2
K ∇·v‖
2
0,K
}
≥
∑
K∈Th
{
(σ − σ2τK) ‖v‖
2
0,K +
(
ν −
ν2τKh
−2
K
Ck
)
‖∇v‖20,K −
σντK
γ
‖v‖20,K
− γσντK ‖∆v‖
2
0,K + ‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K + ‖δ
1/2
K ∇·v‖
2
0,K
}
≥
∑
K∈Th
{(
σ − σ2τK −
σντK
γ
)
‖v‖20,K
+
(
ν −
ν2τKh
−2
K
Ck
−
γσντKh
−2
K
Ck
)
‖∇v‖20,K
+ ‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K + ‖δ
1/2
K ∇·v‖
2
0,K
}
ì³ëÇì ý
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≥
∑
K∈Th
{(
σ −
σ2mkh
2
K
mkσh2K + 4ν
−
σνmkh
2
K
γ(mkσh2K + 4ν)
)
‖v‖20,K
+
(
ν −
mkν
2
Ck(mkσh2K + 4ν)
−
mkγσν
Ck(mkσh2K + 4ν)
)
‖∇v‖20,K
+ ‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K + ‖δ
1/2
K ∇·v‖
2
0,K
}
≥
∑
K∈Th
{
σν(4γ − mkh
2
K)
γ(mkσh2K + 4ν)
‖v‖20,K +
3ν2 + σν(mkh
2
K − γ)
mkσh2K + 4ν
‖∇v‖20,K
+ ‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K + ‖δ
1/2
K ∇·v‖
2
0,K
}
,
k/}¯y±wq ÈmDwyq{y¹m
γ =
mkh
2
K
4
k	~k¬vÈBR}¬kO@ w}¬~mDHk}¯yvÈyq#Rl{k¬myqm0yqikm~qT²À
¶±&ª½k}Êxmy#~&´mkl#}	mOwq~¬y±}wy|~}¬}¬yv½@kl.mO¬v/yqi~m6}¬x² ¸ñwq~Rkx}¬yq}µ²³
B
½
ªmxm®@~m0yqi~m0²³R¬&ª}~l.mDwzix¸ñxmO@mOkxmHy~Rql 
|||(v, q)|||h
def
=
{
‖v‖21,Ω +
∑
K∈Th
[
‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K + ‖δ
1/2
K ∇·v‖
2
0,K
]
+ ‖q‖20,Ω
}1/2
,
ºzOR¼
²³R
(v, q) ∈ Vh × Qh
À
+ m~&ªswzyyqm0yi~m0l.}¬Êwzy|~}¬}¬yvÈqmDwzk¯yDÀ
  ÎTÒ ¥ Î  ;a` ;  0 0H0?c85 2 462 3&)+* ,2 4 3 ,C4 β = β(σ, a, ν) ?5=,/.0D 0, .01, 4 * 	 h  2 < ) '4 3 4
sup
θ 6=(w,t)∈Vh×Qh
B((u, p), (w, t))
|||(w, t)|||h
≥ β |||(u, p)|||h ,
	* :3 9=9 (u, p) ∈ Vh × Qh

  ¥ ÒÇÒÀ¸ Çmy
(u, p) ∈ Vh × Qh
ÀtT}km
p ∈ L20(Ω)
½Ëyqi~mOqm{mÌx}wyw
v ∈ [H10 (Ω)]
2 wqkiyik&y
∇·v = −p
}¬
Ω
k
‖v‖1,Ω ≤ C ‖p‖0,Ω
À¶±&ª½Ë¬my
vh
|@m{yqikmÅl.mORy}HyqmM&yqm²
v
ºF¾²À
T½>'³¼¾½~ªi~}iÊwqyq}w®@mOw
‖v − vh‖0,K ≤ C hK ‖v‖1,V (K) ,
ºzH¼
‖vh‖1,Ω ≤ C ‖v‖1,Ω ,
ºzD¼
ªikmm
V (K)
}wÉyi~m#wzmy°² mml.mHywÉ}
Th
ªi~	wqikqm{&y0¬mDwzy°R~mkT~mª}¬yqi
K
À1¶±&ª½Çwz}km
v
k
vh
´&~}wziÂR
∂Ω
k
Qh ⊆ C
0(Ω)
½ÅªmÃ}HyqmO&yqmµ|Tv kzyw½kwqmµyqi~mµ²ÝR¾y#yik&y
  ü<>=#?Dözø
1     3#01,/0+) 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∇·v = −p
½~@/R|xy}¬
B((u, p), (vh, 0)) = σ (u,vh)Ω + ν (∇u,∇vh)Ω + (a· ∇u,vh)Ω
− (p,∇·vh)Ω +
∑
K∈Th
(∇·u, δK∇·vh)K
−
∑
K∈Th
(σu − ν∆u + a· ∇u + ∇p, τK(σvh − ν∆vh − a· ∇vh))K
= σ (u,vh)Ω + ν (∇u,∇vh)Ω + (a· ∇u,v)Ω − (a· ∇u,v − vh)Ω
−
∑
K∈Th
(∇p,v − vh)K + ‖p‖
2
0,Ω +
∑
K∈Th
(∇·u, δK∇·vh)K
−
∑
K∈Th
(σu − ν∆u + a· ∇u + ∇p, τK(σvh − ν∆vh − a· ∇vh))K .
-±mkm½~@wz}~ kiTvH¸txiTªzy­~m0Rmyw
B((u, p), (vh, 0)) ≥− σ ‖u‖0,Ω‖vh‖0,Ω − ν |u|1,Ω|vh|1,Ω − ‖a· ∇u‖0,Ω‖v‖0,Ω
−
∑
K∈Th
‖τ
1/2
K (a· ∇u + ∇p)‖0,K‖τ
−1/2
K (v − vh)‖0,K + ‖p‖
2
0,Ω
−
∑
K∈Th
‖δ
1/2
K ∇·u‖0,K‖δ
1/2
K ∇·vh‖0,K
−
∑
K∈Th
‖τ
1/2
K (σu − ν∆u + a· ∇u + ∇p)‖0,K
· ‖τ
1/2
K (σvh − ν∆vh − a· ∇vh)‖0,K .
ºz&%R¼
¶±&ª½x}¬µmDi
K ∈ Th
½xªÅmi@·´m
1
τK
=



























4ν
mk
+ |a(x)|phK
h2K
≤
C‖a‖∞,Ω
hK
if Pe1K , P e
2
K > 1 ,
8ν
mkh2K
if Pe1K > 1, P e
2
K < 1 ,
σh2K + |a(x)|phK
h2K
≤ C
σhK + ‖a‖∞,Ω
hK
if Pe1K < 1, P e
2
K > 1 ,
σh2K +
4ν
mk
h2K
≤ 2σ if Pe1K , P e
2
K < 1 ,
.
ºz¼
ì³ëÇì ý
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hJiTkwO½Txm~yq}~1Rm~mOq}¬v6|Tv 1
τ∗K
yqi~mÉq}iHy ikk#wq}xmÉ²;º¼½HkÈk~¬vT}~KºzR¼;ªÅm±q}´m&y
B((u, p), (vh, 0)) ≥ −σ ‖u‖0,Ω‖vh‖0,Ω − ν |u|1,Ω|vh|1,Ω − ‖a· ∇u‖0,Ω‖v‖0,Ω
− C
∑
K∈Th
‖τ
1/2
K (a· ∇u + ∇p)‖0,K
hK
√
τ∗K
‖v‖1,V (K) + ‖p‖
2
0,Ω
−
∑
K∈Th
‖δ
1/2
K ∇·u‖0,K‖δ
1/2
K ∇·vh‖0,K
−
∑
K∈Th
[
σ τK
1/2‖u‖0,Ω + ν τK
1/2 ‖∆u‖0,Ω + ‖τ
1/2
K (a· ∇u + ∇p)‖0,K
]
·
[
σ τK
1/2‖vh‖0,Ω + ν τK
1/2 ‖∆vh‖0,Ω + τK
1/2‖a· ∇vh‖0,K
]
≥ −C
{
σ ‖u‖20,Ω + ν |u|
2
1,Ω + ‖a· ∇u‖
2
0,Ω
+
∑
K∈Th
‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K +
∑
K∈Th
‖δ
1/2
K ∇·u‖
2
0,K
}1/2
·
{
σ ‖vh‖
2
0,Ω + ν |vh|
2
1,Ω + ‖v‖
2
0,Ω +
∑
K∈Th
h2K
τ∗K
‖v‖21,V (K)
+
∑
K∈Th
‖δ
1/2
K ∇·vh‖
2
0,K
}1/2
+ ‖p‖20,Ω
− C
{
∑
K∈Th
[
σ2 τK‖u‖
2
0,Ω + ν
2 τK ‖∆u‖
2
0,Ω + ‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K
]
}1/2
·
{
∑
K∈Th
[
σ2 τK‖vh‖
2
0,Ω + ν
2 τK ‖∆vh‖
2
0,Ω + τK‖a· ∇vh‖
2
0,K
]
}1/2
.
¶±&ª½T²³qRl+}H´Rmwzm°}~mOHk¬}¬yv>ºRO¼J#wq}¬l.~ml.~~y&y}¬R	wqi~&ªwyik&y
ν2τK ‖∆w‖
2
0,K ≤ ν |w|
2
1,K ∀w ∈ Vh ,
ºz&1R¼
  ü<>=#?Dözø
D     3#01,/0+) 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k1ikmkm½·²³l yqikmJ~m®k~}¬yq}²
δK
k
τ∗K
½·yqikmÅ²ÝR¾yyqiky
στK ≤ 1
½@
‖vh‖1,Ω ≤ C ‖v‖1,Ω
½
}~mDR@}¯yvK|@&´RmÉ|MmOl.mOw
B((u, p), (vh, 0)) ≥ −C
{
σ ‖u‖20,Ω + ν |u|
2
1,Ω + ‖a‖
2
∞,Ω|u|
2
1,Ω
+
∑
K∈Th
‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K +
∑
K∈Th
‖δ
1/2
K ∇·u‖
2
0,K
}1/2
·
{
σ ‖vh‖
2
0,Ω + ν |vh|
2
1,Ω + ‖v‖
2
0,Ω
+ max{
8ν
mk
, ‖a‖∞,Ωh, σh
2} ‖v‖21,Ω + λ‖a‖∞,Ωh |vh|
2
1,Ω
}1/2
+ ‖p‖20,Ω
− C
{
∑
K∈Th
[
σ ‖u‖20,K + ν |u|
2
1,K + ‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K
]
}1/2
·
{
∑
K∈Th
[
σ ‖vh‖
2
0,K + ν |vh|
2
1,K + ‖a‖
2
∞,KτK |vh|
2
1,K
]
}1/2
≥ −C∗
{
‖u‖21,Ω +
∑
K∈Th
[
‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K + ‖δ
1/2
K ∇·u‖
2
0,K
]
}1/2
· ‖v‖1,Ω
+ ‖p‖20,Ω
− C∗∗
{
‖u‖21,Ω +
∑
K∈Th
‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K
}1/2
· ‖v‖1,Ω ,
ªikmm
C∗
k
C∗∗
mÉMRwq}¯y}¬´Rm@wyHywxmO@mOkx}~#
σ
½
ν
½
λ
k
‖a‖∞,Ω
À
¶±&ª½T~~vT}¬~6yqi~m°²ÝR¾yyqiky
‖v‖1,Ω ≤ C ‖p‖0,Ω
½~kÈkwz}~yqi~m°}~mOHk¬}¬yv
ab ≤ 1γ a
2 + γb2}µmORiKmÌx~mOwwq}¬RK}H´R´T}¬~..~xxk¾y²~Rql#wJ|M&´mR½xªÅm0R|xy}¬
B((u, p), (vh, 0)) ≥ −
C∗
γ1
{
‖u‖21,Ω +
∑
K∈Th
[
‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K + ‖δ
1/2
K ∇·u‖
2
0,K
]
}
−
C∗∗
γ2
{
‖u‖21,Ω +
∑
K∈Th
[
‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K
]
}
+ (1 − C∗γ1 − C∗∗γ2) ‖p‖
2
0,Ω
≥ −C∗∗
{
‖u‖21,Ω +
∑
K∈Th
[
‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K + ‖δ
1/2
K ∇·u‖
2
0,K
]
}
+ C∗ ‖p‖20,Ω ,
ºz&'R¼
ì³ëÇì ý
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ªikmm
C∗
k
C∗∗
m6MRwq}¬yq}´m.@wyHywO½Y}¬k~mMmkxmOHy0²
h
½Ë}¯²
γ1
k
γ2
mi~HwzmO>wzl#¬
mO~kiÇÀ
oñ¿yi~}w²³lµ½}¬²ªmKwzmy
(z, q)
def
= (u + γvh, p) , γ > 0
½BªÅm#i@·´m#|Tv>yi~mK|k}¬}¬kmO}¬yv>²
B
½
 Æml.l##xÀ0k º&'R¼Åyqiky
B((u, p), (z, q)) = B((u, p), (u, p)) + γ B((u, p), (vh, 0))
≥ CΩν ‖u‖
2
1,Ω +
∑
K∈Th
[
‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K + ‖δ
1/2
K ∇·u‖
2
0,K
]
− γC∗∗
{
‖u‖21,Ω +
∑
K∈Th
[
‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K + ‖δ
1/2
K ∇·u‖
2
0,K
]
}
+ γ C∗ ‖p‖20,Ω
≥ C |||(u, p)|||
2
h ,
ºbR¼
ªikmm
C > 0
}wJ}¬@xmMmk~mHy±²
h
}¬²
γ
}wi~Rwqm	wzl#¬ËmO~~RiÇÀ
 }k¬vR½~kwq}¬kyik&y
h ≤ 1
k
‖v‖1,Ω ≤ C ‖p‖0,Ω
½~ªm°R|xy}¬
|||(z, q)|||2h ≤ 2 ‖u‖
2
1,Ω + 2
∑
K∈Th
‖τ
1/2
K (a· ∇u + ∇p)‖
2
0,K + 2
∑
K∈Th
‖δ
1/2
K ∇·u‖
2
0,K + ‖p‖
2
0,Ω
+ 2γ2
[
‖vh‖
2
1,Ω +
∑
K∈Th
τK
1/2‖a· ∇vh‖
2
0,K +
∑
K∈Th
‖δ
1/2
K ∇·vh‖
2
0,K
]
≤ C |||(u, p)|||
2
h ,
ªik}iÇ½TyRmyqikmª}¬yqi¿ºF¼¾½x®@~}wqi	yqi~mkqT²À

EGFE   V  P:T%UMNCR?N
 Æmy
k, l
|@m;}HyqmOmwYª}¬yqi
k, l ≥ 1
À + m]kwqm]yqikm  ÆR~m}Rym@Ryq}0Mm&y
I
k
h : (C
0(Ω))2 →
[Vk]
2 ½kªm1xmkyqm
ũh
def
= Ikh(u)
½Mxm®@~myqikm}¬HyqmOqM&y}¬R/mOq
ηu
def
= u − ũh
½@@/ªm0ik·´m#ºF¾²À
 1³¼
|ηu|m,K ≤ Ch
s−m
K |u|s,K ,
ºbxD¼
}¬²
u ∈ Hs(K)2
²³°
K ∈ Th
½Yª}¬yqi
0 ≤ m ≤ 2
@
max{m, 2} ≤ s ≤ k + 1
ÀÉ¶±&ª½@²³R±yi~m
kqmDwqwq~m±ªmÉxm®k~m
p̃h
wÅ|Mm}~{yqi~m Å>Ol.mHy}¬HyqmOqM&ym±²
p
À AÉm~yq}~{~&ª»|Tv
ηp
def
= p− ph
½
ªikmm
ph
def
= p̃h −
1
|Ω|
(p̃h, 1)Ω ∈ L
2
0(Ω) ,
ªm0ik·´m.ºÝ²À$&³¼
‖ηp‖0,Ω ≤ Ch
t ‖p‖t,Ω ,
ºb¼
|ηp|1,K ≤ Ch
t−1 ‖p‖t,V (K) ,
ºbR¼
  ü<>=#?Dözø
·     3#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}¬²
p ∈ Ht(Ω)
½~ª}¬yqi
1 ≤ t ≤ l + 1
À
hJi~ml#}¬	qmDwzk¯y±km~}¬k{~~·ÌT}l#&y}¬RÈ}w~&ªswzyyqmOÇÀ
  ÎTÒ ¥ Î  ;a`  04< 2(2+<A* 210 4 3 440?21*-9 <"4657*-, (u, p) * 	B,% . ;+019>* , 2?4 * (Hk+1(Ω)∩H10 (Ω))2×
(H l(Ω)∩L20(Ω))
   0,  40 0 0?c85 2 462 C > 0  5=, .0D01,/.80,C4 * 	 h 	2 < )  43-4B4 0 0 #*  (eu, ep) def=
(u − uh, p − ph)
213-465 287 02
|||(eu, ep)|||h ≤ C
[
hk |u|k+1,Ω + h
l ‖p‖l,Ω
]
.
  ¥ ÒÇÒÀB¸  Æmy
e
u
h
def
= uh − ũh
k
eph
def
= ph − ph
À  kqRl yqi~m0~T²Æ²~m´T}kw yqi~mOmlµ½TªÅm
wqmm°yik&yyi~m1wzk~~ml6kl+}wyzy}~mOË½@kKyqi~mO	yqi~mOqmmÌT}wzyw
(v, q) ∈ Vh × Qh
wzki/yqi@&y
|||(v, q)|||h ≤ C ,
k
β |||(euh , e
p
h)|||h ≤ B((e
u
h , e
p
h), (v, q)) .
4Éwz}~{yqikm1@wz}wymkvÈ²yqi~ml.myqi~x	ªÅm0R|xy}¬
B((euh , e
p
h), (v, q)) = B((η
u, ηp), (v, q)) .
ºFH¼
¶±&ª½T²³Jyi~mq}iHyikk/wq}xm²JºF&H¼ªÅmik·´RmÉ|TvÈ@wz}~ÈtxiTªzy­ w}¬~mDHk}¯yvKªÅm0|~y}
B((ηu, ηp), (v, q)) = σ(ηu,v)Ω + ν(∇η
u,∇v)Ω + (a· ∇η
u,v)Ω
− (ηp,∇·v)Ω + (q,∇· η
u)Ω +
∑
K∈Th
(∇· ηu, δK∇·v)K
−
∑
K∈Th
(σηu − ν∆ηu + a· ∇ηu + ∇ηp, τK(σv − ν∆v − a· ∇v −∇q))K
≤
{
∑
K∈Th
σ ‖ηu‖20,K + ν |η
u|21,K + ‖a· ∇η
u‖20,K + ‖η
p‖20,K + ‖∇· η
u‖20,K
+ ‖δ
1/2
K ∇· η
u‖20,K + ‖τ
1/2
K (ση
u − ν∆ηu + a· ∇ηu + ∇ηp)‖20,K
}
1
2
·
{
∑
K∈Th
σ ‖v‖20,K + ν |v|
2
1,K + ‖v‖
2
0,K + ‖∇·v‖
2
0,K + ‖q‖
2
0,K
+ ‖δ
1/2
K ∇·v‖
2
0,K + ‖τ
1/2
K (σv − ν∆v − a· ∇v −∇q)‖
2
0,K
}
1
2
.
ì³ëÇì ý
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¶±&ª½&~~vT}¬kÉ}~mOHk¬}¬yv#º(1¼Ë²³RÆyi~m
−ν2τK‖∆v‖
2
0,K
yqml«@
στK ≤ 1
½&kqmO´H}@wÇ}~mOHk¬}¬yv
|MmOl.mOw
B((ηu, ηp), (v, q)) ≤ C
{
∑
K∈Th
σ ‖ηu‖20,K + ν |η
u|21,K + ‖a· ∇η
u‖20,K + ‖η
p‖20,K + ‖∇· η
u‖20,K
+ ‖δ
1/2
K ∇· η
u‖20,K + σ
2τK ‖η
u‖20,K + ν
2τK‖∆η
u‖20,K
+ τK‖a· ∇η
u‖20,K + τK‖∇η
p‖20,K
}
1
2
·
{
∑
K∈Th
(σ + 1) ‖v‖20,K + (ν + 1) |v|
2
1,K + ‖q‖
2
0,K + ‖δ
1/2
K ∇·v‖
2
0,K
+ σ ‖v‖20,K + ν |v|
2
1,K + ‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K
}
1
2
≤ C
{
max{σ, ν, ‖a‖2∞,Ω, ‖a‖∞,Ωh,
1
ν
}
∑
K∈Th
[
‖ηu‖20,K + |η
u|21,K + ‖η
p‖20,K
+ h2K‖∆η
u‖20,K + h
2
K |η
p|21,K
]}
1
2
·
{
max{σ, ν, 1}
∑
K∈Th
[
‖v‖20,K + |v|
2
1,K + ‖q‖
2
0,K + ‖δ
1/2
K ∇·v‖
2
0,K
+ ‖v‖20,K + |v|
2
1,K + ‖τ
1/2
K (a· ∇v + ∇q)‖
2
0,K
]}
1
2
.
¶±&ª½Jyqi~mwzmD@yqml }¬»yi~m~xxky/|M&´mÊ}w/wql#¬mO#yqi@
C |||(v, q)|||h
kÂi~mOkm>}¯y	}w
|MkkxmO |Tv>µRkwzyHyDÀ.hJikmm²³m½Ç~~vT}¬~µ}HyqmM&yq}}¬kmOHk}¬yq}mOw#ºF~D¼½ÅºFR¼0@ÃºbR¼
ªmq}´m0&y
B((ηu, ηp), (v, q)) ≤ C(σ, ν, a)
{
∑
K∈Th
[
‖ηu‖20,K + |η
u|21,K + h
2
K‖∆η
u‖20,K
]
+‖ηp‖20,Ω + h
2|ηp|21,Ω
}
1
2
≤ C (hk |u|k+1,Ω + h
l ‖p‖l,Ω) .
ºb¼
  ü<>=#?Dözø
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0+3 	 	0  ,
-,/.80   57.3 9
 }kv½~k~¬vT}~{yq}~m0}¬kmOHk}¬yvKk ºFR¼Åªm1q}´m°&y
|||(eu, ep)|||h ≤ |||(e
u
h , e
p
h)|||h + |||(η
u, ηp)|||h
≤
C
β
(hk |u|k+1,Ω + h
l ‖p‖l,Ω)
+
{
‖ηu‖21,Ω + ‖η
p‖20,Ω +
∑
K∈Th
‖δ
1/2
K ∇· η
u‖20,K + ‖τ
1/2
K (a· ∇η
u + ∇ηp)‖20,K
}
1
2
≤
C
β
(hk |u|k+1,Ω + h
l ‖p‖l,Ω)
+ C
{
‖ηu‖21,Ω + ‖η
p‖20,Ω + ‖a‖∞,Ωh |η
u|21,Ω + ‖a‖
2
∞,Ω
h2
ν
|ηu|21,Ω +
h2
ν
|ηp|21,Ω
}
1
2
≤
C
β
(hk |u|k+1,Ω + h
l ‖p‖l,Ω) + C
{
‖ηu‖21,Ω + ‖η
p‖20,Ω + h
2 |ηp|21,Ω
}
1
2 ,
kyi~m~T²~²³R¬&ªw|Hv1~~vT}¬~°}Rym@Ryq}}¬~mDHk}¯y}¬mDwºF~O¼¾½MºF¼k	ºFR¼ÆRkmR}ÇÀ

/Î  ¦x¥     0 *;210  0?43 440 02 465
 3 4 0 -5 01, ;'  0'57*-< 2(4 0+*0'
 5
M 9 5702?3 ,$0 #* 0 2 45
3-4 0
5=,&40 ,/3-46< @3 9 , *
 2 * 	
u
3 , . p +, 40 H1(Ω)2  ,/* 
9	* 4 0  019>* )5=4!3-,/. 40 L2(Ω)  , *
 	*
40" 02@2 < 0 . 43-4 3@0 *@/45
 3 95=, *@.0  3-,/. 0<"9>3 5=4!   ,!,/0@c4210+)457* , (0" 5=9=9 2  * 4 3 4 40
0 #* +2 3 0:,/* 4 4 * *=
H< )  3 0@)14 0@.; 40G8 2 57)@3-9B)+* 0 )1570,C472 

  -µJ'B:Å6
 	 
J'B*
+ m°kwzmRwÅxRl#}Èyqikm0wHkm
(0, 1)× (0, 1)
½xkKªÅm0wqmy
f
yq{|@mwqki/Rw yi~m°mÌ~yJwqxyq}/²
R~~|~ml ºO¼}w}´mOK|Tv
u1(x1, x2) = −256 x
2
1(x1 − 1)
2x2(x2 − 1)(2x2 − 1) ,
u2(x1, x2) = −u1(x2, x1) ,
p(x1, x2) = 150 (x1 − 0.5)(x2 − 0.5) .
 }wzyO½Çªm{qmO@RzyÉyqi~m#x}/M@wz}´m#xRl{}kyqmORwzmª}¯yi
σ = 1, ν = 1
½
a = (1, 1)
k
λ = 0
À
hJikmmOwq~¬yw0mxmO~}¾yqmD}6 }~mOw.k T½Ëkwq}¬~
P 1/P 1
k
Q1/Q1
®k~}¬yqm.mO¬mOl{mOHywOÀ +m
mO&´mOÅRxyq}l#ËxmOw²]RT´mmOkm±²³´RmT}¯yvÈk	~mOwwz~mÀ
¶±mÌTyO½·ªm]ik·´m;kwq}~mmO±yqi~m;mOR¾y}¬Rx¸ÞT´mD¾y}¬RÉxRl{}kyqmO0Owqm]ª}¯yi
σ = 102, ν = 10−3
½
a = (1, 1)
k
λ = 0
k
λ = 0.5
À  }¬R~mOwÈy%	wzik&ªyqi~m#T´mOqRmkm1i~}wyv½Ëk>yqikmv
mmÊª}¬yqigyqi~myqi~mOmy}O±mOwq~¬ywOÀ + m qmD&´mOKgxy}¬l#°xmOK²6T´mOqRmkmµ²³/yqi~m
kqmDwqwq~mÀ -±&ªÅmO´mOO½MKHkwq}¬¸bRxyq}l#
h3/2
xmÉ²ÅT´mOqRmkm0}w°|@wzmOq´RmO/²³
‖u − uh‖0,Ω
À
hJik}wÉªÅmO¬¹T~&ªµ²ÝyÉ} t"A"  µ¸Þ¬}¹m{wy|~}}¬­OmOÊl.myi~x~w{ºÝ¾²ÀØT½Dx½YR(b½Ëwq@mD}¬vµm²³mOyq
yi~mÈ}HyqT~k¾y}¬R }9Ø³¼0}wmO&´RmmO|Tv>k1l.myqikTÇÀpÉdyi~mÈyqi~mO1ik@Ë½BªÅm#~yq}m#yik&y
yi~m . 5. 5 yqmOqlµ½ ∑
K∈Th
(∇ · u, δK∇ · v)K
½~HmDw0~y~&´T}~m{µwq}¬R~}¯®MHy0}¬l.~&´mOl.mHy°²
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 0.0001
 0.001
 0.01
 0.1
 1
 10
 0.01  0.1
h
h2
h
‖u − uh‖0,Ω
‖u − uh‖1,Ω
‖p − ph‖0,Ω
 
	
P 1  	
	  	   σ = 1  ν = 1  a = (1, 1)  λ = 0
 1e−05
 0.0001
 0.001
 0.01
 0.1
 1
 10
 0.01  0.1
‖u − uh‖0,Ω
‖u − uh‖1,Ω
‖p − ph‖0,Ω
h
h
h2
 
	"!
Q1  	
	  	   σ = 1  ν = 1  a = (1, 1)  λ = 0

	  	
	  	#%$&
	')(*	  $	 ,+ -    	.	0/	0132*	42311  5	  1 λ = 0  ) 
687 9%$&
  '
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D
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 0.0001
 0.001
 0.01
 0.1
 1
 10
 0.01  0.1
‖u − uh‖0,Ω
‖u − uh‖1,Ω
‖p − ph‖0,Ω
h
h2
h3/2
h
 	 
P 1   	0	  	 -  
 σ = 100  ν = 10−3  a = (1, 1)  λ = 0
 0.0001
 0.001
 0.01
 0.1
 1
 10
 0.01  0.1
‖u − uh‖0,Ω
‖u − uh‖1,Ω
‖p − ph‖0,Ω
h
h2
h
h3/2
 
	
P 1  	
	  	 -   
  σ = 100  ν = 10−3  a = (1, 1)  λ = 0.5
  2  2*	"$559	C*
	  
59 + 
	"	   
    ,+ 	 	0     
	 7  9  $1  	  	  
0' 
- 7  7  	  2*		 $    +   6 40× 40 6 	0
	 = 3200 P 1/P 1 	01	 6 	  
  $  5#2*	 6 	C$
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 1e−05
 0.0001
 0.001
 0.01
 0.1
 1
 10
 0.01  0.1
‖u − uh‖0,Ω
‖u − uh‖1,Ω
‖p − ph‖0,Ω
h
h
h3/2
h2
 ;	 9
Q1   	0	  	 -  
 σ = 100  ν = 10−3  a = (1, 1)  λ = 0
 1e−05
 0.0001
 0.001
 0.01
 0.1
 1
 10
 0.01  0.1
‖u − uh‖0,Ω
‖u − uh‖1,Ω
‖p − ph‖0,Ω
h
h
h3/2
h2
 
	
Q1   	
	  	-   
  σ = 100  ν = 10−3  a = (1, 1)  λ = 0.5
 
  2*	 ν = 10−3 $  5 a = (1, 1) $  5 6 $		 σ   2"'  	"
	01
 $	"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σ ‖u− uh‖0,Ω ‖u− uh‖1,Ω ‖p− ph‖0,ΩkÀ¬
5.5269× 10−3
~À2·HR
9.9611× 10−2
5.1536× 10−3
~À2& ' 
9.5769× 10−2D
4.4729× 10−3
~À2&RR
0.1079D
3.4800× 10−3
~À2 1
0.1316
103 3.3633× 10−3
~À2&T
0.1427
104 3.3666× 10−3
~À2R
0.1443
h|~m. ;nmik·´T}²yqi~m  }~}¬yqm;ml.mHymOqJªi~mO
σ
&ªw
ν ‖u− uh‖0,Ω ‖u− uh‖1,Ω ‖p − ph‖0,Ω
5.7078× 10−3
kÀ 
5.3583× 10−2kÀ¬
5.4621× 10−3
kÀ  
5.8640× 10−2~À ~
9.2784× 10−3
kÀ 
0.1095
10−3 3.4800× 10−3
kÀ  1
0.1316
10−4 2.6934× 10−3
kÀ   1
0.1320
10−5 2.6781× 10−3
kÀ  1H
0.1320
10−6 2.6774× 10−3
kÀ  1 %
0.1320
h|~m*]nÅmOik·´T}¬RJ²Æyi~m  }¬k}¯ym;¬mOl.mHy±mªi~m
ν
xmOqmDwqmOw
a ‖u− uh‖0,Ω ‖u− uh‖1,Ω ‖p − ph‖0,ΩºÝ~À½ ~ÀD¼
9.3554× 10−3
~À2 1
0.1383º½D¼
3.4800× 10−3
~À2 1
0.1316ºFx½Ø¼
2.8497× 10−3
~À2R
0.1150ºzO~½OH¼
3.0116× 10−3
~À2 %~
0.1108ºb~½ØH¼
3.2770× 10−3
~À2 ·
0.1190ºÝR~½ RH¼
3.5450× 10−3
~À2 1 '
0.1737
h|~m0 ;nmik·´T}²yqi~m  }~}¯ym;ml.mHymJªi~m
|a|
Rq&ªw
¶±mÌTyO½]ªm#®~Ì
σ = 100
@
a = (1, 1)
½B@¿l#¹m.yi~mK´T}wqRwq}¯yv
ν
xmDmOwqmÀÊhJi~m/qmDwzk¯yw
qm{wzik&ª}¬dh|~m.x½Çªi~mm6ªm.wzmOm6yik&y|MyqimqRwÉmkywz}~k}¯®@OHyqvÊ/YmOyqmO|Tvµyqi~m
´T}wqRwq}¯yvRÀ
 }k¬vR½xªÅmÉ®~Ì
σ = 100
k
ν = 10−3
½~kÈmy
|a|
&ªÀ + m0|kwqm´mR½}	h|k¬m0x½Tyqi@&yJyqi~m
mOq}Ê´mO¬x}¯yvÈml#}¬kw|@R~kxmDË½@ªik}¬myqikm1mqR}¬ÊkqmDwqwq~m°ml#}¬kw|@R~kxmD	²³±ÈH~}¬yqm
m~m²¬xB O¬my1Hkl6|Mmw mk|a|hK
4ν
À.¶~l.mOq}mÌx@mOq}mkmOw°|MmvRk>yqiky0km6²
(OmyÉHkl6|Mmw½@ik·´m1wqi~&ª	yqiky±yi~m1~mOwwzkqmmOqRq&ªwOÀÅhJi~}w}wmORwzRk|k¬mwq}¬kmªÅmm
¬mORxvÈxmD}¬~.ª}¬yqiµm&yq}´mO¬v#ik}¬Ri	mOvT~~wJT~l6|MmDÀ
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